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A graph X is said to be equiarboreal if the number of spanning trees containing a specified edge in 
X is independent of the choice of edge. We prove that any graph which is a colour class in an as- 
sociation scheme (and thus any distance regular graph) is equiarboreal. We note that a connected 
equiarboreal graph with M edges and n vertices has edge-connectivity at least M/(n-1), 

1. Introduction 

P. Hell and E. Mendelsohn have (privately) asked the following question. 
"Which graphs have the property that the number of spanning trees con- 

taining a given edge is independent of the edge?" 
They call graphs with the property in question equiarboreaL Obviously any 

graph with a group of  automorphisms acting transitively on its edges is equiarboreal. 
In this paper we establish a combinatorial condition which implies equiarboricity. 
We use this to prove that any graph which is a colour class in an association scheme 
is equiarboreal. 

We also show that an equiarboreal graph with E edges and n vertices has 
edge connectivity at least El(n-  1). 

2. Definitions 

X will be a graph on n vertices with adjacency matrix A. The diagonal matrix 
w i t h  ith diagonal entry equal to the degree of  the i 'h vertex of  X will be denoted 
by A. We define the polynomial z(X, x) to be det ( x I - (A  -A)).  From Theorem 7.5 
of [1], for example, we know that z(X, x) has zero constant term and that the ab- 

1 
solute value of  the coefficient of  x in - -z (X,  x) equals the number of  spanning 
trees in X. n 

A walk in a graph is a sequence of  vertices where consecutive vertices are 
adjacent. If i and j are vertices of X we use W~j (x) to denote the generating func- 
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tion for the walks of  length r from i to j ( r=0 ,  1, 2 . . . .  ). I f  vC V(X) we use e_v to 
denote the standard basis vector in R" such that Afo is the column of A corresponding 
to v. It follows that 

rim0 

where A°=I and ( - ,  -)  represents the standard inner product in R". 
Let s be a non-negative integer. We call X s-homogeneous if, for any two 

vertices i and j in X at distance t<=s from each other, Wij(x) depends only on 
t and not otherwise on the choice of i and j. We note that 0-homogeneous graphs 
have already been studied in [4] under the name "walk-regular" graphs. 

We will consider an association scheme to be a commutative matrix algebra 
over the real numbers with a basis Ao, At, ..., Ak of symmetric 0---1 matrices such 
that 

k 

A0----I and ~ A ~ = J .  
i = 0  

(Here, as elsewhere, J denotes the matrix with each entry equal to one.) Since Ai 
is a symmetric 0--1 matrix with zero diagonal we may view it as the adjacency 
matrix of  a graph XL ( i=  1, 2, . . . ,  k). We say that such a graph is a colour class 
in the association scheme. 

Association schemes are discussed briefly in [2]. Any distance-regular graph 
is a colour class in an association scheme. (For information on distance-regular 
graphs, see [1].) 

3. Proposition. I f  X is a colour class in an association scheme then it is 1-homogeneous. 

Proof. Suppose the matrices A0, At . . . .  , A, are a basis for the association scheme 
and that At is the adjacency matrix of X. Since the matrices A~ are a basis for an 
algebra, there are real numbers 2~(m) ( i - 0 ,  1 . . . . .  k; rn=0,  1 . . . .  ) such that 

k 
Z 

Hence, if v and w are adjacent vertices in X, 

and 
Arev) =  o(m){fo, A0eo) =  0(m) 

4g., A r f . )  = At_ew) = 

Consequently Wvv(x) is independent of  the vertex v in X and Wvw(x) is independent 
of  the edge {v, w} in X. Therefore X is 1-homogeneous. | 

Let X and Y be graphs with adjacency matrices A and B respectively. We 
may define the categorical product of  X and Y as the graph with adjacency matrix 
equal to A ® B. This product can be used to increase our supply of l-homogeneous 
graphs. 
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4. Proposition. The categorical product of l-homogeneous graphs & 1-homogeneous. 

Proof. Let X, Y be 1-homogeneous graphs with adjacency matrices A and B re- 
spectively. Let Z be the categorical product of  X and Y. Then Z has adjacency matrix 
A ® B  and if u=(i, j), v=(k, l) are vertices in Z, 

(f~, (A ®B)%) = (¢, ®ej, (A ®B)~(f~ ®f,)) 

: (f,, A'ek)~s ,  B'e,). 
Since u is adjacent to v in Z if and only if both i is adjacent to k in X and j is ad- 
jacent to l in Y, it follows that Z is 1-homogeneous if X and Y are. l 

By Propositions 3 and 4, the categorical product of  any two distance regular 
graphs is 1-homogeneous. In general such a product will not be distance regular, 
although it will be a colour class in an association scheme. We know of no l- 
homogeneous graph which is not a colour class in an association scheme, but this 
does not  tempt us to conjecture that there are none. 

We come now to our main result. 

5. Theorem. A 1-homogeneous graph is equiarboreaL 

This theorem is a consequence of the following proposition. 

6. Proposition. Let X be a regular graph of degree d. Let e =  {1, 2} be an edge in 
X and let X",,e denote the graph obtained when e (but not its end-vertices) is removed 
from X. Then 

( X \ e ,  x) 
- 1 - y  (Wa~(y)+W22(y) -2W~2(y)), (X, x) 

where y= 1~(d-x). 

Proof. Let u t be the vector [1, - 1 ,  0 . . . . .  0] in R", where n=[V(X)l. Let E be the 
nXn matrix uu'. Then, setting B = x I + A - A  and abbreviating z ( X \ e , x )  and 
z(X, x) to z ( X \ e )  and -c(X) respectively, we have "c(X\e)=det(B+E). This de- 
terminant can be written as sum of  the determinants of  the 2" matrices obtained 
by replacing in turn each subset of  the columns of  B by the corresponding subset 
of  columns of E. Since E has rank 1 and since n - 2  of  its columns are empty we get 

z ( X \ e )  = det B + (det B 1 + det B2), 

where Bi is obtained by replacing the i th column of  B with the i tra column of E for 
i =  1, 2. I f  we let B,.j denote the cofactor of  the /j-entry of  B then 

detB~ = Bn+Bx2 

det B2 = B21+ B~2. 

Hence z(X\e)=z(X)+(Bll+B12+B2~+B~.2). Now we also have 

u t B*u = Bll -i- Blz + B21 + B.,2, 

where B* is the adjoint of  B. Thus 
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Since z ( X ) = d e t B ,  this yields 

z (X~e)  
-c(X) - l + u ' B - l u =  l+u'(xI+A--A)-~u" 

As X is regular with degree d, A=dL Setting y = l / ( d - x )  we find that 

Finally we have 

z(X\e) 
z(x) - 1 - y d ( I - y A ) - ~ u "  

( I - yA)  -1 = Z y'A" 
i = 0  

and so the U-entry of  ( I - yA )  -~ is just Wij(y ). Hence, 

z ( X \ e )  
z (X) = 1 - y (Wll (y) + W2~ (y) - WI~ (y) - Wzl (y)). 

Since Xis  a graph, W12(y)= W~z(y), and so the proof  is complete. II 

The preceding proposition shows that if X is 1-homogeneous then z(X'x,e, x) 
is independent of  the edge e. By our introductory remarks on z(X, x), it follows 
that the number of spanning trees in X which do not use e is independent of the 
choice of  e. Consequently X is equiarboreal. Thus we have established Theorem 5. 

We finish by noting an interesting property of  equiarboreal graphs. 

7. Proposition. I f  X is a connected equiarboreal graph on n vertices with M edges 
then the edge-connectivity is at least M/ (n -  1). 

Proof. Assume X has T spanning trees and that each edge in X lies on exactly t 
spanning trees. The number of  pairs (S, e), where S is a spanning tree in X and e 
is an edge in S, is tM=T(n--1) and so T/ t=M/(n-1) .  

Let cg be an edge cut set of X. Each spanning tree of  X contains at least 
one edge in cg. Hence we have 

T~_ t [cgl. 

Consequently [c~l~=M/(n- 1), as required. II 

It follows that a connected equiarboreal graph which is regular of  degree 
d has edge-connectivity strictly greater than d/2. Hence the edge connectivity of  
distance regular graphs increases with their degree. This does not appear to have 
been known previously. 

It is known that the edge-connectivity of a graph equals its degree when 
it is vertex-transitive (see [5 (Problem 12.14)], [6]) or strongly regular (this follows 
from Theorem 6 of  [8], which asserts that the edge-connectivity of  a graph with 
diameter two equals its minimum degree). These results motivate the following: 

8. Conjecture. Let X be a graph which is a colour class in an association scheme. 
Then its edge-connectivity equals its degree. 
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The problem of determining the vertex-connectivity of  these graphs also 
remains open. (Of course, by the results of [7, 9] we know that a vertex transitive 
graph with degree d has vertex-connectivity at least 2(d+1)/3).  M. Fiedler has 
shown in [3] that a regular graph with degree d and second largest eigenvalue c~ 
has vertex-connectivity at least d-c~. For line graphs of Steiner triple systems this 

2 
gives a bound which is approximately ~ d. The writer has an elementary argument 

which shows that the vertex-connectivity of  a strongly regular graph is at least 

l ( d + l ) ,  but this seems unreasonably low. 
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